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The role of orbital order in the stabilization of the (pi, 0) ordered magnetic
state in a minimal two-band model for iron pnictides
Sayandip Ghosh1, a) and Avinash Singh1
Department of Physics, Indian Institute of Technology Kanpur - 208016
Spin wave excitations and stability of the (pi, 0) ordered magnetic state are investigated in a minimal two-band
itinerant-electron model for iron pnictides. Presence of hopping anisotropy generates a strong ferro-orbital
order in the dxz and dyz Fe orbitals. The orbital order sign is as observed in experiments. The induced ferro-
orbital order strongly enhances the spin wave energy scale and stabilizes the magnetic state by optimizing
the strength of the emergent AF and F spin couplings through optimal band fillings in the two orbitals. The
calculated spin-wave dispersion is in quantitative agreement with neutron scattering measurements. Finite
inter-orbital Hund’s coupling is shown to further enhance the spin wave energies state by coupling the two
magnetic sub-systems. A more realistic two-band model with less hopping anisotropy is also considered which
yields not only the circular hole pockets, also correct ferro-orbital order and emergent F spin coupling.
PACS numbers: 75.25.Dk, 74.70.Xa, 75.30.Ds, 71.10.Fd
I. INTRODUCTION
The iron pnictides exhibit a typical phase diagram1,2
in which the parent compound goes through a tetragonal-
to-orthorhombic structural phase transition (at TS)
and spin ordering transition (at TN). Upon doping,
both transitions are suppressed and superconductivity
emerges. Single crystal neutron scattering experiments
show that Fe moments align antiferromagnetically (AF)
along the a direction and ferromagnetically (F) along the
b direction3, so that the magnetically ordered state can
be viewed as a (pi, 0) ordered spin density wave (SDW)
state. Inelastic neutron scattering (INS) experiments4–6
yield well-defined spin-wave excitations up to the F zone
boundary q=(0, pi) on an energy scale ∼ 200 meV.
Several weak coupling models with Fermi surface (FS)
nesting have been proposed7–9 to account for the ob-
served magnetic order. Although these models can
explain low-energy magnetic excitations, they fail at
higher energies and suggest that spin waves enter the
particle-hole continuum at high energies and become
over-damped Stoner-type excitations9. The recently ob-
served existence6 of spin-wave excitations even above TN
is also contrary to this weak coupling nesting picture,
within which there is no difference between moment melt-
ing and moment disordering temperatures. In fact, LDA
calculations10,11 suggest that Fe onsite interaction U is
comparable to Fe 3d bandwidth (W) indicating that iron
pnitides are moderately correlated materials.
Apart from the magnetic excitations, angle-resolved
photoemission spectroscopy (ARPES)12–14 and X-ray
linear dichroism (XLD) experiments15 have clearly re-
vealed the existence of orbital order in these materials. In
the magnetic state, the Fe dyz band is shifted up relative
to the dxz band
13,15, causing electron density difference
between the two orbitals. This type of orbital ordering
a)Electronic mail: sayandip@iitk.ac.in
was previously proposed16–19 to explain experimentally
observed in-plane anisotropic behavior like anisotropy in
magnetic exchange coupling4, transport properties20,21,
FS structure13, and electronic structure22.
Is there a significant correlation between this observed
orbital ordering and stability of the (pi, 0) magnetic state?
In this paper, we will investigate the effect of orbital or-
dering on the SDW state stability within a minimal two-
band itinerant-electron model. We will study how the
variations in orbital disparity affects the induced AF and
F spin couplings. This provides a microscopic under-
standing of the role of orbital ordering on the stability of
the (pi, 0) ordered SDW state in the relevant intermediate
coupling regime.
The minimal two-band model proposed earlier by
Raghu et al.23 gave Fermi surface structure consistent
with LDA calculations at half-filling. Although nesting
between hole and electron Fermi pockets yields low crit-
ical value of U for (pi, 0) ordering, it has three major
shortcomings: (i) no F spin coupling is generated due to
nesting as shown by the vanishing spin wave energy at
the F zone boundary24,25, whereas INS experiments yield
maximum spin wave energy, (ii) no orbital ordering is ob-
tained in this model for electron filling corresponding to
nesting condition, and (iii) Fermi surface nesting is rel-
evant only in weak coupling limit, whereas pnictides are
in intermediate coupling regime (U ∼ W ). At interme-
diate coupling, nesting is not very relevant for magnetic
ordering as evidenced by the observation of a stable (pi, 0)
state in one-band Hubbard model26.
Evidently, modifications are required to this two-band
model and therefore investigation of models and mech-
anisms beyond nesting become relevant in order to re-
produce experimentally observed orbital ordering as well
as the spin wave dispersion. The present study is an in-
vestigation in this direction. As hopping anisotropy has
been shown to yield orbital order in the (pi, 0) state27, we
will first consider the extreme hopping anisotropy case
within a minimal two-band model (Section 2) and in-
vestigate the consequences on spin couplings and spin
2wave dispersion (Section 3), to bring out in a physically
transparent manner how the resulting orbital order en-
hances the F and AF spin couplings in stabilizing the
(pi, 0) structure and yielding the observed features of the
spin wave dispersion. Guided by the above investiga-
tions, Section 4 describes modifications to the two-band
model to obtain circular hole pockets and orbital order
in agreement with experiments, and also emergence of
required F spin coupling. This comprehensive approach
of simultaneously keeping account of the Fermi surface
as well as emergent spin couplings and spin wave dis-
persion provides important physical insight into further
extension to a three-band model.
II. MINIMAL TWO-BAND MODEL
The iron pnictides have a quasi two-dimensional struc-
ture with layers of FeAs stacked along the c axis. Among
the five Fe 3d orbitals, only dxz and dyz contribute to or-
bital ordering (due to C4 symmetry of others) and we
retain only these two in our model. The hybridization of
Fe 3d orbitals with themselves as well as through the
As 3p orbitals lying above and below the square pla-
quettes formed by the Fe atoms leads to hopping pa-
rameters in our two-orbital model. The hopping am-
plitudes are shown in Fig. 1 in which the dxz and dyz
orbitals are taken to be extended along x(a) and y(b)
direction respectively since the cores of Fe dxz and dyz
Wannier Functions extend towards the direction of mag-
netic ordering17. Although hybridization between the or-
bitals can lead to finite tpi (i.e. pi overlap), for simplicity
we consider tσ (i.e. σ overlap) only in our model. How-
ever, orbital order in our model persists as long as there
is hopping anisotropy i.e. tσ is larger than tpi. A fi-
nite intra-orbital next-nearest-neighbor (NNN) hopping
t′, expected due to presence of Fe-As-Fe path along pla-
quette diagonals, is also included. Finite t′ plays a very
important role in stabilizing the SDW ordering.
We start with the two-orbital Hubbard model Hamil-
tonian:
H = −
∑
〈ij〉µνσ
tµνij (a
†
iµσajνσ + a
†
jνσaiµσ) +
∑
iµ
Uµniµ↑niµ↓
(1)
where i, j refer to lattice sites; µ, ν are the orbital indices,
tµνij are the hopping terms as shown in Fig. 1, and Uµ
are the intra-orbital Coulomb interactions. The role of
inter-orbital density interaction and Hund’s coupling will
be discussed later.
In this model, the two orbitals are decoupled,
with non-magnetic state dispersions εα(k)=−2t coskx −
4t′ cos kx cos ky for the dxz and εβ(k)=−2t cos ky −
4t′ cos kx cos ky for the dyz orbitals. Although the dis-
persions are different, the energy bands are degenerate
in the non-magnetic state wherein x and y directions
are equivalent. This degeneracy is important to satisfy
point-group symmetry conditions. It is noteworthy that
FIG. 1. Effective hopping parameters tµνij in the minimal two-
band model involving dxz (filled) and dyz (empty) orbitals,
referred to as α and β respectively.
the dxz band along Γ−Y and dyz along Γ−X are degener-
ate in energy, as indeed observed in ARPES studies13 on
BaFe2As2 in the non-magnetic state above the ordering
temperature.
In the (pi, 0) ordered SDW state, the Hartree-Fock
(HF) level Hamiltonian matrix is expressed in a com-
posite two-orbital (α β), two-sublattice (A B) basis as:
HσHF(k) =


−σ∆α ε
x
k
+ εxy
k
0 0
εx
k
+ εxy
k
σ∆α 0 0
0 0 −σ∆β + ε
y
k
εxy
k
0 0 εxy
k
σ∆β + ε
y
k


(2)
where ε
x(y)
k
=−2t coskx(y), ε
xy
k
=−4t′ cos kx cos ky, σ=±
for the two spins. The self-consistent exchange fields
are given by 2∆µ=Uµmµ in terms of the sublattice mag-
netizations mµ for the two orbitals µ = α, β. As the
intermediate-coupling regime will be considered through-
out, the term “SDW state” is used here without any im-
plicit weak-coupling connotation.
The density terms arising in the HF approximation,
Uµnµ/2 = ∆µ+Uµn
↓
µ for the two orbitals, have not been
shown explicitly in (1). In the following, we will take
identical exchange fields ∆α = ∆β ≡ ∆, for which we
find the relative band shift Uαn
↓
α − Uβn
↓
β to be quite
small, and this will be absorbed in an energy offset to be
introduced later.
In iron pnictides, each iron ion has six electrons dis-
tributed among five 3d orbitals. Two eg orbitals dx2−y2
and d3z2−r2 are completely occupied by four electrons
due to large crystal-field splitting between eg and t2g
states28, and the three t2g orbitals are partially filled
by the remaining two electrons. ARPES experiments13
show that the dxy orbital has a finite contribution to the
Fermi Surface. Therefore, the expected electron filling in
our two band model will be less than half filling, and will
correspond to a “hole doped” condition.
The partial densities of states for the two orbitals are
shown in Fig. 2 for the non-magnetic (∆=0) and mag-
netic (∆/|t|=2) cases. While the two orbitals are de-
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FIG. 2. Calculated partial densities of state (DOS) for α and
β orbitals in the non-magnetic [panels (a),(b)] and magnetic
[panels (c),(d)] states. Here, t′/t=0.5. The degeneracy be-
tween α and β orbitals is lifted by magnetic ordering. For a
typical EF as shown, nα > nβ . Enhanced nα and reduced nβ
due to hopping anisotropy result in stronger AF and F spin
couplings.
generate in the non-magnetic state, the degeneracy is
lifted in the magnetic state since x and y directions are
no longer equivalent. The hopping anisotropy together
with magnetic ordering anisotropy naturally results in
self orbital order in the magnetic state. For hole doping
(EF < 0), the lower β band becomes partially unoccu-
pied whereas the lower α band remains nearly half-filled.
For total electron occupation n ≈ 0.75 per orbital (i.e.
25% hole doping), we have nα ≈ 1.0 and nβ ≈ 0.5. This
sign of ferro-orbital order (nα − nβ > 0) is in agreement
with experiments12–15. The higher value of α DOS than
β DOS at Fermi energy naturally leads to more conduc-
tivity along AF direction than F direction which agrees
with experiments21.
III. TRANSVERSE SPIN FLUCTUATIONS
Spin-wave excitations in this spontaneously-broken-
symmetry SDW state are obtained from the transverse
spin fluctuation propagator:
[χ−+RPA(q, ω)] =
[χ0(q, ω)]
1− [U ][χ0(q, ω)]
(3)
at the RPA level. The interaction matrix [U ] includes Uα
and Uβ as diagonal matrix elements. The bare particle-
hole propagator [χ0(q, ω)] is evaluated in the composite
orbital-sublattice basis24 by integrating out the fermions
in the (pi, 0) ordered SDW state as:
[χ0(q, ω)]ab = i
∫
dω′
2pi
∑
k′
[G↑HF(k
′, ω′)]ab
[G↓HF(k
′ − q, ω′ − ω)]ba
(4)
where [GσHF(k, ω)]=[ω1 − H
σ
HF(k)]
−1 are the HF level
Green’s function in the SDW state and a, b being the
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FIG. 3. Spin-wave dispersions for the two magnet modes α
and β along symmetry directions of the BZ for 25% hole dop-
ing. Here t=−200 meV, t′/t=0.5, ∆/|t|=2.0, and the Fermi
energy EF/|t| ≈ −2.0.
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FIG. 4. Spin-wave energies with different orbital polarization
δn = nα−nβ for 25% hole doping. Crossover from negative to
positive energy modes shows strong stabilization of the AF-F
state with increasing orbital order. The hopping parameters
and exchange fields are same as in Fig. 3.
orbital-sublattice basis indices. The spin-wave energies
are obtained from the poles of Eq. (3).
In the absence of any Hund’s coupling, the two orbitals
are decoupled and the magnetic system reduces to two
independent magnetic sub-systems α and β involving AF
ordering in x direction (α magnet) and F ordering in y
direction (β magnet). The spin-wave dispersions for the
two magnet modes α and β are shown in Fig. 3 along
(0, 0)−→(pi, 0)−→(pi, pi)−→(0, pi)−→(pi, pi)[Γ −→ M −→
X −→M ′ −→ X ]. For t′=0, the system further reduces
to independent AF and F chains, which yield zero spin
wave energy for wave vector in the respectively perpen-
dicular directions (due to absence of any spin coupling
along those directions), implying instabilities of the mag-
netic state. Fig. 3 thus highlights the important role of
finite t′ and the corresponding finite inter-chain spin cou-
plings in stabilizing the two α and β magnets with respect
to spin twisting in any direction, as indicated by positive
spin wave energies over the entire BZ.
To investigate the effect of orbital order on the SDW
4state stability, we plot the spin-wave dispersions for dif-
ferent orbital polarization δn = nα − nβ in Fig. 4. As
magnetic state instability is indicated by the spin-wave
energy crossing zero and going negative, we will focus
only on the lowest (out of the two α and β mode) ener-
gies. Here, we have maintained a constant SDW order
parameter ∆ and total electron filling n = 0.75 per or-
bital, and the occupations nα and nβ of the two orbitals
are controlled by introducing an energy offset ∆αβ be-
tween the two orbitals. The orbital occupations are (a)
nα = 0.85, nβ = 0.65 (∆αβ=0.38), (b) nα = 0.9, nβ =
0.6 (∆αβ=0.29), (c) nα = 0.95, nβ = 0.55 (∆αβ=0.20)
and (d) nα = 1.0, nβ = 0.5 (∆αβ=0). Figure 4 shows
a strong stabilization of the SDW state with orbital or-
der, as seen by crossover from negative to positive energy
modes.
The origin of this orbital-order-induced stabilization is
as follows. Effectively, the AF and F spin couplings are
optimized by the electron density redistribution associ-
ated with orbital order. The increased electron den-
sity in α band favors AF coupling (super exchange)
in the x direction (NN) and in the diagonal direction
(NNN), whereas the increased hole density in β band fa-
vors carrier-mediated F coupling in the y direction (NN)
and AF coupling in the diagonal direction (NNN)29.
Thus, all the spin couplings work together and the α
and β magnets both reinforce (pi, 0) ordering without
any frustration. It is important to note here that the
magnetic and orbital orderings effectively stabilize each
other and constitute a composite spin-orbital ordered
state with m 6=0, δn 6=0. Our model thus provides a mi-
croscopic understanding of the close relation between
in-plane anisotropy, orbital order, and the SDW mag-
netic order. If the inter-orbital Coulomb interaction term
V niαniβ is included in our model, it will only enhance the
orbital offset ∆αβ due to orbital disparity, and therefore
enhance the effect discussed above.
Ferro orbital order was reported in a recent study of
magnetic excitations in iron pnictides within a degener-
ate double-exchange model including antiferromagnetic
superexchange interactions27. However, the sign of the
ferro orbital order reported in this work (nyz > nxz)
does not agree with experiments. Furthermore, for a re-
alistic NN hopping value of 200 meV, their calculated
spin wave energy scale of around 30 meV is well below
the nearly 200 meV energy scale measured in INS exper-
iments. Ferro orbital was also reported in other multi-
orbital models due to electron correlation31, anisotropic
inter-orbital hopping32 and electron-lattice coupling33.
However, spin wave excitations and role of orbital order-
ing in stabilization of (pi, 0) state with respect to trans-
verse spin fluctuations was not investigated. Moreover,
crystal field splitting due to orthorhombic distortion is
necessary to stabilize orbital ordering in these models
unlike our model.
Now, we investigate the effect of finite inter-orbital
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FIG. 5. Strong enhancement in the spin-wave energies on
including the Hund’s coupling. Here, t=−200 meV, t′/t=0.3,
∆/|t|=2.0, and hole doping 25%.
Hund’s coupling J , and consider the Hamiltonian:
H = −
∑
〈ij〉µνσ
tµνij (a
†
iµσajνσ + a
†
jνσaiµσ)−
∑
iµν
UµνSiµ ·Siν
(5)
where the interaction matrix elements Uµν=Uµ for µ=ν
and Uµν=2J for µ 6=ν. The self-consistent exchange fields
are now given by 2∆α=Uαmα+Jmβ and 2∆β=Uβmβ +
Jmα.
The transverse spin fluctuation propagator now in-
cludes both U and J ladders at RPA level. Figure 5
shows the spin-wave dispersion with and without Hund’s
coupling, displaying a strong enhancement of spin-wave
energies with Hund’s coupling, as expected since now the
α and β magnets are coupled.
For J=0, there are two independent Goldstone modes,
as the α and β magnets are independent. When finite
Hund’s coupling is included, the two modes get coupled,
leading to a single Goldstone mode corresponding to “in-
phase” fluctuations (acoustic mode). The “out-of-phase”
mode is now converted to an optical branch which rapidly
becomes significantly gapped even at small values of J .
The spin-waves for the acoustic and optical modes (solid
and dotted respectively) are shown in the inset [Fig. 5].
The calculated spin-wave energy scale (∼200 meV)
agrees well with neutron scattering experiments for
|t|=200 meV and U in the intermediate coupling range
(U ∼ W ). The value of U (∼1-2 eV) agrees with LDA
calculations30. Furthermore, the spin-wave dispersion
shows a peak at the F zone boundary which is consis-
tent with experiments. For ∆/|t| =2.0, the SDW state
effective gap ∼ 400 meV is well above the maximum spin
wave energy. Thus, contrary to other itinerant models9,
spin wave excitations in our model do not rapidly dissolve
into the particle-hole continuum, as indeed not observed
experimentally up to energies of 200 meV.
The spin wave energy scales in the Γ-M (AF) and M-
X (F) directions are indicative of the AF and F spin
coupling strengths. The hole doping dependence of spin
wave dispersion (Fig. 6) effectively shows the evolution
of emergent spin couplings. At high hole doping, the
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FIG. 6. Variation of spin wave dispersion with hole doping,
showing strong suppression of AF (F) spin couplings at high
(low) doping. Here t=−200 meV, t′/t=0.3, and ∆=J=2|t|.
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FIG. 7. Strong enhancement in spin wave energy scale and
SDW state stability with increasing hopping anisotropy. Here
t=−200 meV, t′/t=0.3, ∆=J=2|t|, and hole doping 25%.
AF spin coupling is strongly suppressed due to electron
density depletion in the AF band, whereas the F spin
coupling is optimized due to enhanced hole doping in the
F band. On the other hand, at low hole doping, the AF
spin coupling gets saturated as the AF (lower) band is
filled, whereas the F spin coupling is strongly weakened.
Maximum SDW state stability is seen for about 25%
hole doping. If this corresponds to the parent compound,
then electron doping (reduction in hole doping from this
level) results in crossover to negative-energy modes, indi-
cating destabilization of the SDW state. This is in agree-
ment with the observed rapid decrease of magnetic order-
ing temperature in iron pnictides with electron doping1.
Spin waves were studied earlier24 in a two-band model
with isotropic hopping and therefore no orbital order.
For somewhat larger interaction strength (∆/|t|)=3) and
hole doping (∼40%), the spin wave energies are qual-
itatively similar as in Fig. 5. However, for lower in-
teraction strength and hole doping, increasing hopping
anisotropy significantly enhances the spin wave energy
scale and SDW state stability, as shown in Fig. 7. This
confirms that the emergent AF and F spin couplings be-
come stronger due to the electron density redistribution
and orbital order in the two orbitals, corresponding to
enhanced electron and hole densities in the dxz and dyz
Fe orbitals, respectively.
Γ
X
M
FIG. 8. Fermi surface in the folded BZ for t1=−1.0, t2=0.5,
t3=t4=−0.5, where the hopping parameters are defined in the
same way as in23. Here, EF=−0.3|t1| for 25% hole doping.
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FIG. 9. Spin wave dispersion for the same parameters as
in Fig. 8 (solid line) and for nesting condition as in23 (dot-
ted line). Here, ∆=3.0|t1|, J=2.0|t1| and |t1|=200 meV. The
finite spin wave energy at M’ indicates emergent F spin cou-
pling.
IV. MODIFIED VERSION OF TWO-BAND MODEL OF
RAGHU ET AL.
With the insight thus obtained, we consider a modified
version of the two-band model of Raghu et al. which re-
tains most of their essential features, and simultaneously
yields not only the two circular hole pockets, but also
appropriate orbital order, and also evidence of emergent
F spin couplings. The hopping parameters are defined
in the same way as in23 and their values are taken as
t1=−1.0, t2=0.5, t3=t4=−0.5. The corresponding Fermi
surface and the spin wave dispersion for 25% hole dop-
ing are shown in Fig. 8 and Fig. 9, respectively. The
finite spin wave energy at the F zone boundary M’ im-
plies the emergence of F spin coupling. Although nesting
is no longer obtained due to absence of electron pock-
ets, we have nα ≃ nβ ≃ 0.75 in paramagnetic state,
nα ≃ 0.82,nβ ≃ 0.68 in (pi, 0) state and hence orbital
order of correct sign is obtained in this model. This sug-
gests that an additional dxy band may need to be in-
cluded to simultaneously understand all the important
electronic Fermi surface features as observed in ARPES
experiments (including the elliptical electron pockets)
6and the spin wave features as observed in INS studies.
V. CONCLUSION
In conclusion, we have shown that within a mini-
mal two-orbital itinerant-electron model with hopping
anisotropy, the magnetically anisotropic (pi, 0) ordered
SDW state is stabilized through the generation of orbital
order which optimizes both AF and F spin couplings. We
have also shown that with the inclusion of inter-orbital
Hund’s coupling, the spin stiffness further increases sub-
stantially due to the coupling of the two magnetic sub-
systems. The calculated spin-wave energy scale, nature
of spin-wave dispersion and presence of ferro-orbital order
are in agreement with experimental observations. Thus,
the proclivity of iron arsenides towards (pi, 0) magnetic
ordering may actively involve the orbital degree of free-
dom. We have also considered a two-band model taking
hopping parameters similar to Raghu et al.23, but with
hopping anisotropy, which yields appropriate orbital or-
der, circular hole pockets, as well as emergent F spin
couplings. The presence of orbitally ordered state in
our model allows the possibility of exploring orbital fluc-
tuations which have been seen in recent experiments15.
Orbital fluctuations may play an important role on the
electron-paring mechanism34 and can induce s++ wave
superconducting state35, and therefore a combination of
orbital and spin fluctuations as a possible mechanism for
superconductivity also needs to be explored in these ma-
terials.
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